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Abstract 

We consider the mean- variance hedging problem under partial information in the 
case where the flow of observable events does not contain the full information on the 
underlying asset price process. We introduce a martingale equation of a new type 
and characterize the optimal strategy in terms of the solution of this equation. We 
give relations between this equation and backward stochastic differential equations 
for the value process of the problem. 

2000 Mathematics Subject Classification: 90A09, 60H30, 90C39. 

Key words and phrases: Semimartingale, incomplete markets, mean-variance 

hedging, partial information, backward stochastic differential equation. 



1 Introduction 

We assume that the dynamics of the price process of the asset traded on a market is 
described by a continuous semimartingale S = {St, t G [0, T]) defined on a filtered proba- 
bility space {fl,F,J^ = {J^t,t G [0,T],P), satisfying the usual conditions, where F = Tt 
and T < oo is the fixed time horizon. Suppose that the interest rate is equal to zero 
and the asset price process satisfies the structure condition, i.e., the process S admits the 
decomposition 

5t = 5o + Mt+ \ Kd{M)^, {X-M)t<oo a.s., (1.1) 
Jo 

where M is a continuous JF— local martingale and A is a jF-predictable process. 
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Let us introduce an additional filtration smaller than T 

Gt ^ J^t, for every t G [0,T]. 

The filtration Q represents the information that the hedger has at his disposal, i.e., hedging 
strategies have to be constructed using only information available in Q. 

Let if be a P-square integrable jF^-measurable random variable, representing the 
payoff of a contingent claim at time T. 

We consider the mean- variance hedging problem 

to minimize E[{X^'^ - H)^] overall vr e n(^), (L2) 

where n(^) is a class of ^-predictable S'-integrable processes. Here Xf''^ = x + TiudSu is 
the wealth process starting from initial capital x, determined by the self-financing trading 
strategy vr G n(^). 

In the case ^ = JF of complete information the mean-variance hedging problem was 
introduced by FoUmer and Sondermann [8] in the case when is a martingale and then de- 
veloped by several authors for price process admitting a trend (see, e.g., [6j, ^12], [25].[26]. 

m)- 

Asset pricing with partial information under various setups has been considered. The 
mean-variance hedging problem under partial information was first studied by Di Masi, 
Platen and Runggaldier (1995) when the stock price process is a martingale and the prices 
are observed only at discrete time moments. For a general filtrations and when the asset 
price process is a martingale this problem was solved by Schweizer (1994) in terms of 
^-predictable projections. Pham (2001) considered the mean- variance hedging problem 
for a general semimartingale model, assuming that the observable filtration contains the 
augmented filtration J-'^ generated by the asset price process 5* 

C g^, for every t G [0,T]. (1.3) 

In this paper, using the variance-optimal martingale measure with respect to the filtration 
Q and suitable Kunita-Watanabe decomposition, the theory developed by Gourieroux, 
Laurent and Pham (1998) and Rheinlander and Schweizer (1997) to the case of partial 
information was extended. 

If J-'f C then the price process is a ^-semimartingale and the sharp bracket (M) is 
^-adapted. If Q is not containing J-'^ , then S is not a ^-semimartingale and the problem 
is more involved. We focus our attention to the case when the filtration Q of observable 
events does not contain the full information about the asset price process S and solve the 
problem (II. 2p in this case under following additional assumptions: 

A) (M) and A are ^-predictable, 

B) any Q- martingale is a JF-Iocal martingale, 

C) the filtration Q is continuous, i.e., all ^-local martingales are continuous, 

D) there exists a martingale measure for S that satisfies the Reverse Holder condition. 
Denote by Yt the process E{Yt\Qt)- the ^-optional projection of Y. Condition A) 

implies that 

St = EiStlGt) = So + [ Xud{M)u + Mt. 

Jo 
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Let 

Ht = EH+ I hudMu + Lt 



and 



Ht = EH+ [ hldMu + L^t 



be the Galtchouk-Kunita-Watanabe (GKW) decompositions of Ht = E{H\J-'t) with re- 
spect to local martingales M and M, where h, are jF-predictable process and L, 
are local martingales strongly orthogonal to M and M respectively. We shall use also 
notations: 



2 d{M)t r Tg 2 r Ann ^ J^^q 

Pt = TTTiTT' = ^tPt - ht and H = Ht - 2^*^* 

It Jo ^- Pt 



d{M) 

We introduce the following martingale equation 



Yt = H 



T 
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XtYt + p^.i^t (Xtd{M)t + dMt) . (1.4) 



The solution of this equation is a pair (y, ■?/'), where y is a square integrable martingale 
and ip is defined by the GKW decomposition of Y 



Yt = Yo+ [ ^uM^ + Lt, {M,L) = 0. 
Jo 



Now we formulate the main result of the paper which is proved in section 3. 

Theorem. Let conditions A)-D) be satisfied. Assume also that EH^ < oo and < 1 
for all t G [0,T]. Then there exists a unique solution iY,ip) of equation (11.41) and the 
strategy vr* is optimal if and only if it admits the representation 



K = 1 2 (ht + >^tYt + pM ■ (1.5) 

^ Pt ^ ' 

In section 4 (see propositions 14 . 2 1 and 14 . 3 1) we establish the connection between equation 
(11.41) and BSDEs for the value process of the problem (II. 2p derived in [20]. It was shown 
in [20] that the optimal strategy is determined by 

^t- 1 - p2 + p2y^ ' ^0 (1-b) 

where the tryples (V, (/J, V) and {V^ ^ ^ L^) satisfy the following system of BSDEs 



1 - P? + plVt 



dVt = \^^^^^^d{M)t + ^tdMt + dU, Vt = 1, (1.7) 



^ - Pt + Ptn 



Here L and are ^-local martingales strongly orthogonal to M. 

Note that, to construct the optimal strategy by (11.51) we need to solve only equation 
(11.41) . which is easier to solve than equation (11.71) . whereas for the construction of the 
optimal strategy by (II. 6p one should solve equation (II. 7p and two linear equations (II. 6p 
and (II. 8p . On the other hand the construction by (II. 4p . (II. 5p does not contain the case 
of the full information (since in this case = 1 and the integral in (ll.4p is not defined), 
but the construction (11.61) - (II. 8p includes this case directly. 

The relations between these equations are as follows: 

If (Y, ip) is a solution of (ll.4p for H equal to strictly positive constant c, then the 
processes Yt, c — j^T^^dSu are strictly positive and the process 

where vr* is defined by (O), satisfies the BSDE ffLTD . 

On the^other hand, |f the tryples (V, v?, ^) and {V",ip",L") satisfy dHZD-dH]), then 
the pair (?, V^), where Yt = V^^ - XfVt and ^pt = - Vtn^ - (ftXf (tt* and Xf are 
defined by (11.61) ). is a solution of equation (II. 4p . 

In section 5 we consider a diffusion market model which consists of two assets S and 77, 
where St is a state of a process being controlled and rjt is the observation process. Suppose 
that St and rjt are governed by 

dSt = fitdt + <7tdw^, 
drjt = atdt + btdwt, 

where and w are Brownian motions with correlation p and the coefficients fi, a, a and 
b are jF^-adapted. So, in this case J-'t = J-'t'^ and the fiow of observable events is Qt = ^t- 
We give in the case of markovian coefficients solution of the problem (II. 2p in terms of 
parabolic differential equations (PDE) and an explicit solution when coefficients and the 
contingent claim are constants. 



2 Main definitions and auxiliary facts 

Denote by A^^(JF) the set of equivalent martingale measures for S", i.e., set of proba- 
bility measures Q equivalent to P such that S" is a JF-Iocal martingale under Q. 
Let 

A^^(jr) = {g G M'iJ') : EZliQ) < 00}, 

where Zt{Q) is the density process (with respect to the filtration JF) of Q relative to P. 

Remark 2.1. Since S is continuous, the existence of an equivalent martingale measure 
and the Girsanov theorem imply that the structure condition (II. ip is satisfied. 
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Note that the density process Zt{Q) of any element Q of J^^{J^) is expressed as an 
exponential martingale of the form 



where is a JF-Iocal martingale strongly orthogonal to M and £t{X) is the Doleans-Dade 
exponential of X. 

If the local martingale ^" = 8t{-\ ■ M) is a true martingale, dQ'^'^/dP = Z^'^'dP 
defines an equivalent probability measure called the minimal martingale measure for S. 

Recall that a measure Q satisfies the Reverse Holder inequality R2{P) if there exists 
a constant C such that 

for every jF-stopping time r. 

Remark 2.2. If there exists a measure Q G A^'^(JF) that satisfies the Reverse Holder 
inequality i?2(-P), then according to Kazamaki [15j the martingale = —\-M + N 
belongs to the class BMO and hence —A ■ M also belongs to BMO, i.e., 



E{J^ \ld{M)u\J^r) < const (2.1) 



for every stopping time r. Therefore, it follows from Kazamaki pTS] that St{—X ■ M) is 
a true martingale. So, condition D) implies that the minimal martingale measure exists 
(but Z™" is not necessarily square integrable). 

For all unexplained notations concerning the martingale theory used below we refer 
the reader to [5] . [18] . [Tl] . 

Let H(JF) be the space of all JF-predictable S-integrable processes vr such that the 
stochastic integral 

{'K-S)t= / -KudSu, te[0,T], 
Jo 

is in the S"^ space of semimartingales , i.e., 

r-T pT 

E{ T:ld{M)s)+E{ |7r,A,|rf(M),)' < oo. 
Jo Jo 

Denote by H(^) the subspace of H(J^) of ^-predictable strategies. 

Remark 2.3. Since A ■ M G BMO (see Remark 2.2), it follows from the proof of 
Theorem 2.5 of Kazamaki fHI 

2 
T 



E{ / |7r„A„M(M)„)' = E(|7r| ■ M, |A| ■ M) 

^0 



T 

2, 



< 2| |A ■ M| Ibmo^ / Kd{M)u < oo. 
Jo 

Therefore, under condition D) the strategy vr belongs to the class H(^) if and only if 
E/,^7rMM).<oo. 
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Let us make a comment on condition B). 

Remark 2.4. Condition B) is satisfied if and only if tlie a-algebras and Qt are 
conditionally independent given Qt for all t G [0,T] (see Theorem 9.29 from Jacod 1978). 
Note that one can weaken this condition imposing that any ^-martingale is a G- local 
martingale, where G is the augmented filtration generated by J-'^ and Q. This condition 
is satisfied if J-'f Qf In this case instead of (11. ip one should use the decomposition 

St = So+ [ E{K\Gu)d{M)u + Nt, (2.2) 
Jo 

where ^ 

Nt = Mt+ ! [K - E{K\Gu)]d{N)^ (2.3) 
Jo 

is a G-local martingale. 

Define J^i^) and J^iQ) as spaces of terminal values of stochastic integrals, i.e., 

4{J^) = {{n-S)T:7ieUiJ^)}. 

JTiO) = {{n-S)T:neU{g)}. 
Now we recall some known assertions from the filtering theory. 

Let A = {At,t G [0,T]) be a RCLL process and there is a sequence (r„,n > 1) of 
^-stopping times such that E J^" \dAu\ < oo for all n > 1. Then there exists a unique 
^-predictable process A^ of finite variation (see Jacod 1978), called a ^-dual projection 
of A such that 

E{At\Qt) — A^ is a ^ — local martingale. 

Throughout the paper we use the notation = £'[$^1^^] for any process $. 
For convenience, we give the proof of the following assertion, which is proved similarly 
to M. 



Proposition 2.1. // conditions A),B) and C) are satisfied, then for any T-local 
martingale M and any Q -local martingale nfi 

= E{M,\g,) = f E{^^^^\g.^)dml + Lf, (2.4) 

where is a local martingale orthogonal to nfi . 

Proof. Since M is a continuous ^-local martingale, it admits the GKW decomposition 

Mt = E{Mt\gt) = [ fudml + Lf , (2.5) 
where fu = '^^^(mP) ^" • Thus, it is sufficient to show that d(rvP)tdP -a.e. 



d{M,m^)^ ,d{Mjrf)^ . 
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Since mP is F-local martingale (by condition B), the process Mtuif — {M,mP)t is also 
a JF-Iocal martingale. Conditions A) and C) imply that Mtmf and {M,mP)t are Q- 
locally integrable. Therefore the processes E(Mt'mf — (M, m^)t|^t) and E({M, mP)t\Qt) — 
(M, mPyi are ^-local martingales and hence the process 

E{Mtm^,\gt)-{M,m^Y, (2.7) 

is also a Q- local martingale. 

On the other hand E{Mtm^\Qt) = Mtmf and the process Mtmf — {M, wP)t is a ^-local 
martingale. Therefore the process 

E{Mtmi\gt)- (M,m^)t 

is also a Q- local martingale. This, together with (12.71) . implies that 

(M,wP)t = {M,wP)l (2.8) 

But 

Vo d{mG}u Jo d{m)u 

which proves equality (12.61) and (12.41) holds. □ 

Corollary 2.1. For any Q -predictable S-integrable process n 



~S)t = E{ f 'KudSu\Qt)= [ T^udSu. (2.9) 
Jo Jo 

Proof. It follows from proposition 2.1 that for any ^-predictable, M-integrable process 
71 and any ^-martingale that 

{{7^),m^)= f rc^E{^^§l^\g^)d{m% 
Jq d{my}u 

'K^d{M,m^)^ = (7r-M,m^)i. 
Hence, for any ^-predictable, M-integrable process vr 

~M)t = E{! 7cJM,\gt)= [ TiJM,. (2.10) 
Jo Jo 



Since vr, A and (M) are ^-predictable, from (12.101) we obtain (12.90 
Remark 2.5. In particular, equality (12. Sp implies that 

{M,M)P={M) (2.11) 

and 

(M,L)P = (2.12) 
if L is a ^-local martingale orthogonal to M. 
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Lemma 2.1. Let conditions A)-C) be satisfied and Mt = i?(Mj|^t). Then (M) is 
absolutely continuous w.r.t (M) and 

d{M), - 

Moreover if A = {{uj,t) : = 1} then a.s. for all t 

[ lA{u)dM^ = [ lA{u)dM^. (2.13) 
Jo Jo 

Proof. By (12.101) for any bounded ^-predictable process / 
ft 



E [ f^d{M), 
Jo 



E{ I fsdMs ) =E\^E( I fsdMslGt 

2 rt 



<e(^J^ fsdM^j <E fsd{M)s (2.14) 
which imphes that (M) is absolutely continuous w.r.t (M), i.e., 



for a ^-predictable process p. Moreover (12.141) implies that the process (M) — (M) is 
increasing and hence < 1 p<*^) a.e. 

Let us show now the equality (12.131) . It is evident that lA{u)d{M)u = lA{u)d{M)u- 
Since the set A is ^-predictable and (M, MY = (M) by Proposition 2.2 

E{ [ lA{u)dMu - [ lA{u)dMuY = E [ lA{u)d{M-M)u 
Jo Jo Jo 

= e[ lA{u)d{M-M)l = E ! lA{u)d{M)^-E [ lA{u)d{M)^ = 0. 
Jo Jo Jo 

□ 

Corollary 2.2. If pf = 1 for all t, then M = M and therefore M is a Q- local 
martingale . 

We shall use the following Lemma proved in 

Lemma 2.2. Let N = {Nt,t G [O.T]) be a square integrable martingale such that 
Nq > 0. Let T = mi{t : Nt < 0} ATu) be a predictable stopping time announced by a 
sequence of stopping times {Tn;n > 1). Then 

E {j^\Qrr. j ^ oo on the set {N^ = 0) 

\ Tn / 



^) It is assumed that inf = oo and a Ab denotes min{a, b} 
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Proof. 

< Ei [^\Qr)j Ei (V,.o,laxJ (2^16) 

By the Levy theorem hm^^oo E (/(7v^=o)|^t„) = IiN^=o) is equal to on the set (A^^ = 0). 
Therefore it follows from (|2J[5|) that E (^|^r„) ^ oo on (A^^ = 0). □ 

3 Mean- variance hedging and Forward- Backward 
equation 

Let X* = X^''^* be the wealth process corresponding to the optimal strategy vr*. Let 
Ht = E[H\Tt] and let 

Ht = E{H\J^t)=EH+ ! KdMu + Lt (3.1) 

Jo 

be the Galtchouk-Kunita-Watanabe (GKW) decomposition of Ht, where L is a martingale 
orthogonal to M and h is jF-predictable M-integrable process. We shall use also the GKW 
decomposition of Ht = E{H\J^t) with respect to the local martingale M 

Ht = EH+ [ hldMu + L^f (3-2) 

Here /i^ is a JF-predictable process and is a JF- local martingale strongly orthogonal 
to M. _ 

It follows from Proposition 12.11 ( applied for mP = M) and Lemma 12.11 that 

{E{H\g,),M)t= f E{hl\g^)d(M)^= fhipld{M)^. (3.3) 
Jo Jo 

Proposition 3.1. Assume that (M) is Q -predictable. Then the optimal strategy vr* of 
optimization problem fl 1 . 2^ satisfies the relation 

< = E{ht + iJt + \Ht + XtYt - \tXl\gt) , (3.4) 

where the triple {Y,ip,L), {L,M) = is a solution of BSDE 

dYt = 7i;Xtd{M)t + ^PtdMt + dLt, Yt = 0. (3.5) 
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Proof. The variational principle gives that 

E{H ~XT{Tt*))XT{7r) = 0, V7rGn(^). 

Since vr* G n(^) we have that E[ 7T^Xud{M)uY < oo and by the GKW decompo- 
sition 



<A„rf(M)„ = c + / iJudMu + Nu, (M, N) = 0, (3.6) 
Jo 

where ip ■ M and are square integrable martingales. Using the martingale property, it 
follows from (13. 6p that the triple {Y, ip,N), where 

l^t = ^(^ K>^ud{M)u\Tt) 
and ip, N are difined by (13. 6p . satisfies the BSDE 

Yt = Yo+ [ <A„rf(M),+ / tPudM^ + Nt, Yt = 0. (3.7) 



Note that Yq = c = E /^f <A„c?(M)„. 

Therefore (taking in mind decompositions fl3.ip . (13. 6p ) we have 

E{H - XTiTT*))XTin) 

= e(- [ n;Xtd{M)t - [ n^dMt + h) ( [ HtdSt 



'0 ^0 / v^o 

E[Yo+ I ^tdMt + Nr- j n^dMt + Hj (j ittdSt 

i-T 



= e(yo + Nt + i^pt - <) dMt + (^j^ ntXtd{M)t^ (3.8) 

+ e(yo + Nt + {tpt - <) dMt + + / '^tdMt + Lt^ (^j^ udM^j = 0. 

(3.9) 

Using the formula of integration by parts in (13.81) and properties of mutual character- 
istics of martingales in (13. 91) we obtain the equality 

E (Yo + Lt + - <) dMt + H^j 7it\td{M)t 

+ E [ {^t + ht- <) ntd{M)t = 0. 



Inserting the solution Y of BSDE (13. 7p in the latter equality gives 

E [ (Yo + Ht + Yt- [ \uKd{M)^ - [ KdMt] T^t\td{M)t 
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+E / (^t + /it-7r*)M(M)t 

^0 



= E f {{Ht + Yt- X;)\t + tPt + ht- n;)ntd{M)t = 0. 
Jo 

By arbitrariness of vr G n(^) we get 



E 



which gives (E 



□ 



Corollary 3.1. Let conditions A), B) and C) be satisfied. Then l\3.4\ ), l^375\} is equivalent 
to the system of Forward- Backward equations 



dx; =\ht + 



d{M,m)t 
d{M)t 



+ Xt{Ht + Yt-X:)]dSt, X* = x 



dYt = Xt\ht + ^^^1^ + Xt{Ht + Yt- X;) 1 d{M)t + dmu Yt = 0. 

Proof. Since A,7r*, (M) are ^-adapted, 

E{XtHt + XtYt - XtX;\gt) = Xt{Ht + Yt- XI 



(3.10) 



(3.11) 



and 



mt = j i^sdMs + Lt 
'o 



is a ^-martingale. Therefore, by (12. 6p 



d{M,m)t 



d{M)t ' d{M)t 
and it follows from (13.41) and (13. 5p that the optimal strategy it* satisfies the system 



TT* = ht 



d{M,m)t 



+ Xt{Ht + Yt-X; 



d{M)t 

dYt = TilXtd{M)t + dmt, Yt = 0. 



(3.12) 
(3.13) 



If we insert the expression (13.121) for vr* in (I3.13P and then integrate both parts of equation 
(I3.12P with respect to S we obtain the system of Forward-Backward equations (13.100 . 
dSTH). _ □ 

Remark 3.1. If we use the GKW decomposition of m with respect to M 



mt = I ^udM^ + Lt, (M,L) = 0, 
'o 
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then by fl2.6l) ipt = Pti^t and one can write the Forward-Backward equations (l3.1Up . (13. lip 
in the form 

dX: = (ht + p% + UHt + Yt- X;)) dSt, X* = X 



dYt = \t[ht + pli,t + \t{Ht + Yt- X;) d{M)t + iJtdMt + dL^, Yt = 0. 



From now on we assume 
E) p2 < 1 for all t e [0,T]. 

Let us introduce the operator AY defined for any P) by 



{AY)t = E 



1 



1 - 



d{h[)t 



Yu^u + 



d{M)^ 

We shall use the following notations; 



d{M,Y)t 
d{M)u 



\ud{M)u + dMu 



d{M)t 



ht 



1 



d{M)t 
d{M)t 



-dSt 



Let us consider equation 
Yt = H 



'0 I-Pf 

which can be written in the form Yt = H — {AY)t- 



XtYt + pii^t [\td{M)t + dMA 



(3.14) 



Theorem 3.1. Let EH^ < oo. Then equation {\3.19^ admits a unique solution Y G 
M'^{g,P) satisfying E\Yt\'^ < E\H\'^. 

Proof. We need only to show that A is a non-negative operator. Indeed, for Yt = 
c + (fsdMs + Lt, {M, L) = we have 



{Y,AY) 
= eIyt 



;Yt\ld{M)t + Yt 







1 



^ ^YtXtdMt 





2 rT 2 \ 

PL_^^Xtd{M)t + YT -^iptdMt] 

Q ~ Pt Jo ^ ~ Pt / 

T , / , ^\ r-. 



Since (F, M)t = £ ^uPld{M)^ and EYt J, gud{M)^ = E Y^g^d{M)^ for any Q- 
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predictable process g, we obtain that 



\Jo^~Pt Jo ^ ~ Pt 

Jo ^ ~ Pt Jo ^ ~ Pt J 



= e( [ ^^Y^\]d{M),+ I ^l^YAmd{M), 
\Jo ^ ^ Pt Jo ^ ~ Pt 

+ / j^Y,^,\d{M)t + / -^^2^(M) J 
Jo ^- Pt Jo Pt J 

= E f {YtXt + pl^tYd{M)t > 0. 

Jo ^ Pt 

Thus Y + AY is a strictly positive operator, [Id + A)"^ is bounded with the norm less 
than one and Y = {Id + A)~^H is a unique solution of f l3.14p . □ 

Remark 3.2. Condition EH'^ < (X) is satisfied if EH'^ < oo and < 1 — e for all 
t G [0,T], for some e > 0. 

Remark 3.3. If {Y,iIj) is a solution of equation fl3.14p .then it follows from the proof 
of Theorem 3.1 that 

e[ -^(YAt + Pt^tyd{M)t = {Y,AY) = EYTH-EYS<^. (3.15) 
Jo ^ ~ Pt ^ ' 

Theorem 3.2. Let conditions A)-E) be satisfied and let EH^ < oo. Then the strategy 
vr* is optimal if and only if it admits the representation 

1 ■ -~- .2: 



< = 2 [ht + \Yt + pi^A (3.16) 

^ ~ Pt ^ ' 

■where the pair (l^,'?/') satisfies equation \3.1J^\ . 

Proof. Let us show that if the strategy vr* is optimal, then it is of the form (I3.16p . By 
Proposition [OX/ (tt*) = 7r*Xsd{M)s + jlrildMs. Introducing notations 

Yt = Yt + Ht-Xt{-K*), mt = mt + Ht- [ ^dMs 

Jo 

(note that 1" = m by (13.130 ) we have 



dYt = dmt, Yt = Ht- Xrin* 
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which gives (since < 1 for all t) 

1 



TT, 



d{M)t d{M)t 



Yt = Ht-Xt{h*). 
Integrating fl3.17p with respect to S 



(3.17) 
(3.18) 



I-Pt 



^ d{M,H), , d{M,Y), , ^ ~ 



dSt 



and inserting the latter equality into fl3.18p we obtain the equation for the martingale Y 



Yt = H 



T 



I-Pt 



d{M, Y)t 
d{M)t 



\td{M)t + dMtj 



(3.19) 



We remark that if Yt = Yo + i^sdM^ + Lf is the GKW decomposition of Y then fl3:T9|) 
can be rewritten as fl3.14p . 

Let us show now that if the strategy vr* is of the form (13.160 . then it is optimal. 
Let first verify that vr* G n(^). It follows from Theorem 3.1 that Eyj^ 7r*dSu) < oo. 
Therefore, 

E{ [ 7i:dS^Y = E{[ KdSu+ [ Kd(Mu-M^)Y< 



2E{ n:dSuY + 2E «)2rf(M - M)„ < oo, 
Jo Jo 

since it follows from (12. lip and (I3.15p that 



E l\Kfd(M - M)^ = E r {Kfd{M - M)l 



E / {<)\l-pi)d{M), 

'0 



E 



T I2 



^d{M)u + E 



^ Pu Jo ^ Pu 



1 



(ay; + pi^iJuYd{M)u < oo 



Thus i?( Jq T^udSuY < oo and by Theorem 4.9 from P (see also [3]) 

e[ {T^lf {M)^< const E{ f TildSuY 
Jo Jo 



< oo 



and TT* G n(^) by Remark 2.3. 
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By the variational principle it is sufficient to show that 



e{h- T^ldS^j (^j^ -K^dS^j =0, Vtt e n. (3.20) 



From equation fl3.19p we have that 

r-T rT 



Therefore 



- / <A„rf(M)„ = Yt-Ht+ [ KdM^. 
Jo Jo 



E(Yt + H -Ht+ / Kd{Mu-Mu) 



T 







Since A and (M) are ^-adapted 

e(^H- Ht) (^j^ Tx^\ud{M)^ = 

and by Proposition 12.11 

E{ [ KdiM^ -M^)( [ 7r,X^d{M)^ 
Jo \Jo / 

= Ej^ 7iuXud{M)^E (^j^ 7i:diMu-M^)\gT^ =0. 

Since y is a martingale 

EYri^j^ 7i^\ud{M).}j = E n^XXd{M)^. (3.21) 

Using the GKW decomposition for Yt and relations (12.111) . (I2.12p 

EYt [ TiudM^ = E [ 7iJ^d{M, M)^ = E [ 7iJyj{M)^. (3.22) 
JO Jo Jo 



Using decompositions (13. ip . (13. 2p for H, projection theorem and again relations (12.110 
(EH]) 



= E I n^Kd{M)^ -E [ 'Kuhld{M, M), 
Jo Jo 



T 







E / n^Kd{M)^. (3.23) 
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Taking the sum of right-hand sides of (13.211) . (I3.22p and (I3.23P we obtain 

E f 7ruXuYud{M)u + E [ iiu^upld{M)^ 
Jo Jo 

fT 



+ E [ 7r„M(M), 
Jo 



T 



E r 7r^Ka-pl)d{M)^. (3.24) 

^0 



Finally, 



E [ <rf(M„ - M„) / n^dM^ 
Jo Jo 

= E [ K-Kud(M, M)u-E [ <7r,rf(M)„ 
Jo Jo 

= -E [ n^Kil -pl)d{M)^, 
Jo 

which, together with (13.241) . implies that (I3.20p is fulfilled and hence tt* is optimal. □ 

4 Relations to BSDEs for the value process 



In this section we express the solution of equation (I3.19P in terms of the value process 
of the problem (11.20 and show that equation (13.190 is equivalent to the BSDE derived in 

m- 

To this end we consider equation 

Yt = C- £ (^*^* + p'"^') "^^^ ^^-^^ 

for any stopping time r < T. Similarly to Theorem 3.1 one can show that if < oo, then 
there exists a unique solution [Yjip) of (14. ip . where F is a square integrable martingale. 

Lemma 4.1. Let (y^,^/'^) and {Y,tlj) be solutions of equations 

Yt = c- f (XtYt + p^.^t) dSt (4.2) 

Jo ^ Pt ^ ^ 



and 

= 1 - 



Yi = \- i^uY: + plVu)dSu (4.3) 
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respectively. Proof. Let 



Then 



Jo Jo 



7rt = 7r[(c-/ TTudSu), t>T. (4.4) 
Jo 

Proof. Multiplying both parts of equation (14.31) by c — rtudSu we get 

Yf{c- / n^dSu) 







C- TCudSu - (C - / TTudSu) 

Jo Jo 

X / (Xuy: + pirj ds^ 



Since c — T^udSu is ^T--nieasurable using properties of stochastic integrals we have 
Jo Jo 



^ 1 



/ 1 - p2 

On the other hand 



XyY^ic- \ TT^dSu) + Pu-iPlic - 7TudSu)]dSu. 
Jo 



Yr = c- I TiudSu - [ 2 (-^t^t + ^i) dSt 

Jo Jt ^ ~ Pt ^ ' 



and relations (14.41) follow by the uniqueness of a solution of equation (14. ip with 
' lo '^udSu. 

Let us define the process 



Vt = E 



n ^ Pu J Jt ^ Pu 

Lemma 4.2. > 0,a.s. for all t G [0,T] and the process 



Vt{c- I n^dSuf+ [ nl{l-pl)d{M)u 
'o Jo 



is a martingale. 
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Proof. It is evident that Vt is non-negative. Let us show that it is strictly positive. 
Assume that there exist t E [0,T], B E Qt such that P{B) > and 



E 



1 



t Pi 



+ 



{x^Y^ + pi^iYd{M)^\gt 



This imphes that 



Ib 

T 



IsT^udSu = 0, 
/B^f(l-p^)rf(M)„ = 0. 



(4.5) 
(4.6) 



Since p„ < 1, it follows from (14.61) that IsT^udS^ = 0. Therefore, from (14.51) we 

obtain Ib = a.s., which gives a contradiction. Thus P{B) = and V is strictly positive. 

Let us check now the martingale property. Using elementary properties of conditional 
expectations and stochastic integrals it follows from Lemma 14.11 that 



Vtic 



E 



TTudSu] 



■KudSu - (C- TTudSu) / VT* dSu 







+ c 



E 



TVy^dSy) 



c- -KudSu 



T 



i-pi)\iii\'d{M)^\g, 

(C- / TXudSu)T^udSu 



+ / (l-p^)l(c- / ^udSuySd{M)u\G, 



= E 

Therefore, for any t G [0, T] 

Vt{c- 

+E 



7r„ 



+ / il-pi)nid{M)^\g-^ 







nudS^f+ / nl{l-pl)d{M)^ 



T ^ N 2 
TT^dSu 







i-pl)nld{M)^\gt 



which proves that this process is a martingale. 



Proposition 4.1. The solution of is strictly positive, i.e., Yt > a.s. for all 

te[o,T]. 
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Proof. Let first show that EYt > 0. Multiplying both parts of equation (4.2) by Yjn 
and taking expectations (as in the proof of Theorem 3.1) we obtain that 

EY^ = cEYt- r -^{Y^Xu + p'Jufd{M)^. 

Jo ^ ~ Pu 

Therefore cEYt > EY^ > 0, hence EYt > 0. 
Let us consider the process 

Zt = Yt{c- !\udSu) + !\l{l-pl)d{M)^. (4.7) 
JO Jo 

It follows from the Ito formula that Z is a martingale and using the martingale property 
from (14.21) we have 

Ytic - ^ n^dS^) = E{YS + ^ - pl)d{M)^\gt). (4.8) 

Besides the process Zt = Yt{c — J^TTudSu) is a supermartingale and 

Yt{c- [ n^dSu)>E{YS\gt). (4.9) 
Jo 

Let us define r = inf{t : = 0} AT . Then r is a predictable stopping time and there 
exists a sequence of stopping times (r„; n > 1) such that limr„ = r and < t for every 
n on r > 0. Note that Y^-^ > by definition of r„, since Yq = EYt > 0. 

Taking r„ instead of t in (14. 9 p and dividing both parts of this inequality by Y^-^^, we 
obtain 

E (3,k) < ^Zi^. (4,10) 



It follows from the Lemma [2.21 (applied for the martingale Yt = E{YT\Qt)) that 

^ I ^l^r I ^ oo on the set {Y^ = 0}. (4.11) 

\n J 

By Lemma and (14. 8 p the processes Vt{c — J^TiudSu)'^ + /J 7f^(l — Pu)d{M)u and 
Yt{c — TTudSu) + /q ^"^{1 — pDd{M) u are martingales and their values at time T coincide, 
hence they are undistinguishable. Thus 



Vtic- / n^dSuy = Ytic- / n^dSu) (4.12) 
Jo Jo 

which, together with (14.101) . implies that 
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Since > 0, it follows from the latter inequality 

lim E I I < cx) on the set = 0} 

which contradicts to (14. lip . Therefore P{Yt- = 0) = and hence 1^ > for all t G [0, T]. 
Corollary 4.1. For allt G [0,T] 

c- / ^udSu>Yt (4.13) 
Jo 

and 



Vt = ^ ■ (4.14) 

Proof. By (14. 9 p and the Jensen inequality 

y,(c- / ^„rfS.)>^(y:r'|6;i)>r,^ (4.15) 
Jo 

Since > we obtain inequality (I4.13p . Therefore the process c — J^-KudSu is also strictly 
positive and equality (I4.14p follows from (I4.12p . 

Remark 4.1. Vt coincides with the value process Vt of optimization problem 

defined by 



min E(l — / iXudSu)^ 

^mo) Jo 



= essinfE((l- f 'K^dS^Y\gt). 



This follows from Theorem 3.2 and from Theorem 3.1 of [20]. But we shall show this 
equality, proving that V satisfies the BSDE for the value process V , derived in [20] . 

Proposition 4.2. Let (Ytjipt) satisfies the equation 

% = c- [ -^(\,Yt + p^MdSt (4.16) 
Jo ^ ^ Pt 

and let n* = ^ i-^tYt + pf'^Pt)- Then c — (vr* ■ S)t = c — X^* is strictly positive and 



Ut = (4.17) 



c-Xf 



is a solution of BSDE 



dUt = ^ ^'trr ^i^h + dMt + dLt, Ut = 1. (4.18) 
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Proof. By Corollary 4.1 and Lemma Wl] c — X[* > P-a.s. for all t. Therefore Ut is a 
^-semimartingale. This semimartingale admits the decomposition 

Ut = At+ [ ^sdMs + Lt, 
Jo 

where At is ^-predictable process of finite variation and L is a ^-local martingale strongly 
orthogonal to M. 

By the Ito formula 

dYt = diic-Xf)Ut) 
= (c - Xf){dAt + ^tdMt + dU) - Ut-nldSt - Tr^^tpMM)^ 
= ((c - Xf)^t - KUt)dMt + (c - Xf )dU 

+ (c - Xf)dAt - (XtUtn; + pl^tOd{M)t. (4.19) 
Since F is a martingale with the decomposition 

Yt = YQ+ f i^udMu + Lt (4.20) 
Jo 

comparing the decomposition terms of fl4.19p and fl4.20p we have 

A = {c-Xf)i,,-7r;U,, (4.21) 

A. ^ f V'"^' Kd{M),. (4.22) 



c - xr 



From fHTT]) and fOTD 



1 



which gives 



\tUt{c - Xf) - plUtT^l -pI{c- Xf),lJt) 



Finally from fl4.23p and fl4.22p we obtain the equality 



which means that Ut satisfies (14.180 . □ 



21 



Proposition 4.3. Let the triple {V/^ , Vt.Xf) satisfy the Forward- Backward Stochastic 
differential equation 

dVt = tf'^S d{M)t + ipt dMt + dLt, Vt=1, (4.24) 
^ - Pt + Pt^t 

+ ipfdMt + dLf, = H, (4.25) 



l-pl + p'tVt 
{L^,M) = {L,M) = 0. 



=0, (4.26) 



Then the pair (Y, ip), where 

Yt = Vl'-XfVt and = -VtK - ^tXf , (4.27) 
is a solution of equation 

Yt = H- I ^-^[\,Yt + pli^t)dSt. (4.28) 

Proof. By the Ito formula 

dY, = - {VtTil + Xf^t - Vt) dMt + XfdLt - dL^ 

2 * 



(W + p?y.f)(A,V, + p?y.,) 



l-pl + plVt 



d{M)t. 



It follows from fl4.26p that the expression in the latter bracket is equal to zero. Thus Yt 
is martingale and ijjt = ^p^ - Vti^l - i^tXf . By fl4.27p 



Yt = H -X^ 



and inserting {Y in f l4.28p we claim 



= f 7^ (A*^i^ - \V,Xf + plpf - plV.-al - plXf) dS,. 
Jo ^ ~ Pt 



This means that 



1 



< = iXtVf + pIp? - Xf {XtVt + plpt) - p'tVtTc:) 

^ Pt 

or 

(1 - + p?ri)< = A*V,^ + PiVf - (A,V* + p]pt). 
Obviously this equality coincides with fl4.26p . Therefore (1^,'?/') satisfies f l4.28p . □ 
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5 Diffusion market model 



Let us consider the financial market model 

dSt = StfJ^t{v)dt + Stcrt{i])dw°, 

dr]t = at{r])dt + bt{r])dwt, 

subjected to initial conditions, where only the second component rj is observed. Here 
and w are correlated Brownian motions with Edw^dwt = pdt,p G (—1, 1). 

Let us write 

wt = pw^ + a/1 - p^wl, 



where w° and are independent Brownian motions. It is evident that = — a/1 — p'^w^+ 
pw^ is a Brownian motion independent of w and one can express Brownian motions w^,w^ 
in terms of w and as 



,0 



pwt - a/1 - p'^w^, wl = a/1 - p'^wt + pw^. (5.1) 



We assume that 6^ > 0, o"^ > and coefficients /i, a, a and h are such that Ti'"^ = 
j^w ,w ^ j^i) _ stochastic basis will be (fi, J-", JF^, P), where Tt is the natural 

filtration of and the fiow of observable events is Qt = . 

Also denote dSt = ptdt + crtdw^, so that dSt = SfdSt and S is the return of the stock. 

Let vff be the number shares of the stock at time t. Then ttj = fctSt represents an 
amount of money invested in the stock at the time t G [0,T]. We consider the mean 
variance hedging problem 

to minimize E[{x + / ntdSt — H^] overall vr for which nSEll{Q), (5.2) 

Jo 

which is equivalent to study the mean variance hedging problem 

to minimize E[{x + / ntdSt — H^] overall vr G n(^). 

Jo 

Remark. Since S is not ^—adapted, tt and ttS can not be simultaneously ^-predictable 
and the problem 

to minimize E[{x + / ntdSt — HY] overall vf G n(^), (5.3) 

Jo 

is not equivalent to the problem (15.21) and it needs separate consideration. 
Comparing with (ILip we get that in this case 



Mt= [ asdwl {M)t= [ aids, Xt = ^ 
Jo Jo 
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It is evident that w is a Brownian motion also with respect to the filtration ''^ and 
condition B) is satisfied. Therefore by Proposition 12.11 

Mt = p asdws- 
Jo 

By the integral representation theorem the GKW decompositions (13.11) . (13.21) take follow- 
ing forms 

ch = EH, Ht = CH+ / hsCJsdwl + / h\dw], (5.4) 

Jo Jo 



Ht = Ch + p / h^asdws + / hjdw^. 
Jo Jo 



(5.5) 



Putting expressions ( 15. ip for w^,w^ in ( 15. 4p and equalizing integrands of ( 15. 4p and ( 15. 5p 
we obtain that 



and hence 



Therefore by definition of h 



hi 



ht = p'hf - a/T^ — • 



hi 



ht = p^hf -ht = — ■ (5.6) 

We assume that a > 0. It is evident that = and (I3.19P takes the form 

Yt = H- / Ytdt {Otdt + pdwt) - — ^ / ^t {Otdt + pdwt) (5.7) 

^ ~ P Jo ^ ^ P Jo 

for F( = c + ipsPCsdWs = c+ J^LfgdiUs, where 9t = ^. We should solve (15. 7p in the space 

of square integrable ^-martingales {Yt,Qt)- One can write this equation with respect to 
random variable ^ 



^ = H- / E[^\J^^]9t (Otdt + pdwt)-—^ I E[Dt^\J^:] {Otdt + pdwt) , (5.8) 

^ ~ P Jo ^ ~ P Jo 



where D is the stochastic derivative. 
The optimal strategy in this case is 
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Remark . If p = and 6 is deterministic then the equation (15.81) takes the form 

Yt = H- ! Ytdldt. (5.10) 

JQ 

Performing the integration by part we obtain 



Yt = c^ + I htdwt -Yt f elds + [ [ eldudVt, 

Jo Jo Jo Jo 

Yt(i+ f e^ds] =c^ + f htdwt + f [ OldudWf 
\ Jo J Jo Jo Jo 



Hence 



.7 ~_ ^ 

-'o — z f-T — ' V'* ~ PF 



1 + /; e^.ds 1 + // 9',ds 

Therefore the solution of fl5.10p can be given exphcitly 

Yt = h / -4 dws 



1 + /; e^js Jo 1 + /; eidu 

and the optimal strategy is 

l + J^Xla^,ds Jo 1 + J^Xlaldu 

Proposition 5.1. Suppose that H = , rjt = Wt and ^ = 6(t, Wt) for some continuous 
function 9, such that the nonlinear PDE 



1 _ {6{t,x)u + pu3_^'^ 

2 1 — + p^u 



ut+-^uxx= '''':^-'':y:^' , u{t,x)=i (5.11) 



admits the sufficiently smooth solution u. Then solution of (\3.19^ can he represented as 
Y, = c u{t,wt)£t[- 1-p^ + pM.,^.) ^^^'^^^)ds + pdw. 



and optimal strategy is 

ul = c''a-\t,wt) 



H -lu ■,0{t,Wt)u{t,Wt) + pUx{t,Wt) 



1 — p2 + p'^u{t, Wt) 
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Sketch of the proof. It is well known that the solution of (15.111) defines by Vt = 
u{t,Wt) the solution of fl4.24p . On the other hand V/^ = cVt and 

c — X^* = £t^ — Jq ^Ip2^p2y dSs^ . Moreover, as in Proposition 14.31 it may be verified 

that Yt = {c- Xf)Vt satisfies equation fl319D . It follows from KWi that tt* is of the 
form (Km . 

The direct proof we shall give in the Appendix A. 

Example. If 6{t,x) = 9(t) then the solution of (15. lip is of the form u{t,x) = u{t), 
where u satisfies 

du{t) e\t)u\t) 



uiT) = 1. 



dt 1 - p2 + p2u{t) ' 

Thus 

+ pHnu{s)\^ = e\s)ds. 



u{s) 

Denote by i/(p, a) the unique roof of 



— p inu = a 



u 



we can write u{t) = z/(p, 1 — + 6'^{s)ds) and we get the solution of (15. 8p explicitly 

r- e{s)u(p,i-p' + jje\u)du) 

C = c''St\- ^ {e{s)ds + pdWs 

Jo I- pi ip^i- pi e'^{u)du 



If in addition p = then ui^.y) = -, f = c^exp ( — fT^ — ,t ^^}, , — dt] = — ^J"", ^ — and 
we obtain the solution of equation (15.70 for deterministic 6 and H = once again. 



A Appendix 



The proof of Proposition I5.il 

It easy to see that (15.111) is equivalent to 

d{t,x)uux + pul , 1 6^{t,x)u'^ + p6{t,x)uux . 

1 — p^ + p^u 2 1 — p^ + p^M 

Then if m is a solution of (15. lip then using the notation g = — ^i^p2^l^^ , the Feynmann- 
Kac formula and the Girsanov's Theorem we can write 



u{t,x) = E [ StT [ / g{s,Ws){9{s,Ws)ds + pdws) ] \wt = X ] . 
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Hence the integrant (p for stochastic integral representation of the martingale 
Yt — c^E [£t (/g g{s, Ws){0{s, Ws)ds + pdwg)) \^^] can be calculated as follows 



iptdwt = dYt 



= c^d (^£t g{s, Ws) {0{s, Ws)ds + pdws)^ u{t, wt) 

= c"£t i^j g{s,Ws){9{s,Ws)ds+pdws)^ 

X {ux{t,wt)dwt - g{t,wt) {6{t,wt)u{t,wt)+pua,{t,wt)) dt) 

+ c^u{t,Wt)St (^J g{s,Ws){9{s,Ws)ds + pdws)^ g{t,wt) {9{t,Wt)dt + pdwt) 

+ c^St (^J g{s,Ws){9{s,Ws)ds + pdws)^ pg{t,wt)ux{t,wt)dt 

^c^St^J g{s,Ws){9{s,Ws)ds + pdws)^ {ux{t,Wt) + pu{t,Wt)g{t,Wt))dwt 



Thus 



' Yt9{t,wt){9{t,wt)dt + pdwt) + —^ / ^t{9{t,wt)dt + pdwt) 
{u{t, wt)9{t, Wt) + pu^{t, Wt) + p^g{t, wt)u{t, wt)) 



l-p' Jo 



1 '•^ 



I-P' Jo 

xSt (^J g{s,Ws){9{s,Ws)ds + pdws)^ {9{t,wt)dt + pdwt). 

Since u9 + pux + p^gu = (p^ — l)g, then 

/" Yt9{t,Wt){9{t,Wt)dt + pdwt) + —^[ ^t{9{t,wt)dt + pdwt) 
^ ~ P Jo ^ ~ P Jo 

^ -c" J g{t,wt)£t(^J g{s,Ws){9{s,Ws)ds + pdws)^ {9{t,wt)dt + pdwt) . 
On the other hand, 

Yt^c^St (^J g{s,Ws){9{s,Ws)ds + pdws)^ 
^ + J c"g{t,wt)£t (^j g{s,Ws){9{s,Ws)ds + pdws)^ {9{t,wt)dt + pdwt). 
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Hence (15.71) is satisfied. The expression for tt* is obtained from representation 



ch 



9{s, Ws)u{s,Ws) + pu^j s, Ws 

1 — p2 + p^ui^S, Ws 

9{s, Ws)u{s, Ws) + pu^{s, Ws 



Yt =chSt \ - / 2 I 2.v„ ... \ (^(■^' + 



1 - p2 + p'^u{s,Ws) 

6u + pu^ 
1 — + f>^u ' 



X £s[- / Y--^X^du + pdwu) ] {0{s, Ws)ds + pdws 



and equations f l5.7p and (15. 9p . 
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